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Abstract 

We show that the well-known most general static and spherically symmetric exact 
solution to the Einstein-massless scalar equations given by Wyman is the same as 
one found by Janis, Newman and Winicour several years ago. We obtain the energy 
associated with this spacetime and find that the total energy for the case of the purely 
scalar field is zero. 
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Even before the general theory of relativity was proposed, scalar field has been conjec¬ 


tured to give rise to the long-range gravitational fieldsjjlj] . Several theories involving scalar 
fields have been suggested []2|. The subject of scalar fields minimally as well as conformally 


coupled to gravitation has fascinated many researchers’ minds (i -13). Since the last few 


years there has been a growing interest in studying the gravitational collapse of scalar fields 


and the nature of singularities in the Einstein-massless scalar (EMS) theory (see Ref. [fj and 
references therein). There has been considerable interest in obtaining solutions to the EMS 


as well as the Einstein-massless conformal scalar equations. Janis, Newman and Winicour 


(JNW) H obtained static and spherically symmetric exact solution to the EMS equations. 


Wyman|6j further obtained a static spherically symmetric exact solution to the EMS equa¬ 
tions. There is no reference to the JNW solution in his paper. Agnese and La Camera]/ 1 ] 
expressed the Wyman solution in a more convenient form. Roberts^] showed that the most 
general static spherically symmetic solution to the EMS equations (with zero cosmological 
constant) is asymptotically flat and this is the Wyman solution. The Wyman solution is 
well-known in the literature |9| .In the present note we show that the Wyman solution is the 
same as the JNW solution, which was obtained almost twelve years ago. We further obtain 
the total energy associated with this spacetime. We use geometrized units and follow the 
convention that Latin (Greek) indices take values 0 ... 3 (1... 3). 

The EMS field equations are 



87T Sjj , 


( 1 ) 


where SV,-, the energy-momentum tensor of the massless scalar held, is given by 




( 2 ) 


and 



0 . 


2 


(3) 



$ stands for the massless scalar field. R L j is the Ricci tensor and R is the Ricci scalar. 
Equation (1) with Eq. (2) can be expressed as 


Rij = 8 tt <h * 


(4) 


JNW[|J obtained static and spherically symmetric exact solution to the EMS equations, 
which is given by the line element 


/i a- \ Vm 

= (^J de 


' i _ cl \ —1/m 

R \ 


,1 + TT, 


2 ,, --v-^f 1+ ^^ R2d ^ {5) 


dR - n ~R) 


with 


dQ = dd 2 + sin 2 dd0 2 , 


and the scalar held 


d> = 


— In ' 


a + 


/I V 1 + R 


where 


( 6 ) 


(7) 


a± = r 0 (n± l)/2 (8) 

and 

/i = \/l + 167rcr 2 . (9) 

r 0 and a are two constant parameters in the solution. r 0 = 0 gives the hat spacetime, 
whereas cr = 0 gives the line element 

ds 2 = (l + ^j 1 dt 2 -(l + ^£j dR 2 “ (l + ' R 2 dQ, (10) 
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which obviously represents the Schwarschild metric. The JNW solution can be put in a more 
convenient form, in coordinates t, r, 9, 0, by the line element 



and the scalar held 


<J> 





where 


( 12 ) 


7 = 
b = 


2 m 

IP 

2\Jm? + q 2 . 


(13) 


m and q are constant parameters. The radial coordinates R and r are related through 


r = R + a .|_ 


and the spacetime parameters r 0 , & and m, q are related through 


(14) 


r 0 = 2 m, 
1 


a = 


q 


VT67rm 


(15) 


The solution to the EMS equations, expressed by Eqs. (11) — (13), is exactly the well- 
known Wyman solution (see Ref. [^]). Thus, Wyman did not obtain a new solution, but he 
rediscovered the JNW solution independently. The JNW solution, in t, r, 9, 0 coordinates, 
has a curvature singularity at r = b. Garhnkle, Horowitz and Strominger |lCf| obtained a nice 
form of charged dilaton black hole solution, characterized by mass, charge, and a coupling 
parameter (which controls the strength of the coupling of the dilaton to the Maxwell held). 
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A particular solution of this (putting the electric charge parameter zero) yields the JNW 
(Wyman) solution. This fact is not noticed in their paper. 


ft is of interest to obtain the energy associated with the JNW spacetime. The energy- 
momentum localization has been a “recalcitrant” problem since the outset of the general 
theory of relativity. Though, several energy-momentum complexes have been shown to give 
the same and reasonable result (local values) for any Kerr-Schild class metric as well as for 
the Einstein-Rosen spacetime, the subject of energy-momentum localization is still debatable 
(see Ref. [|lTJ and references therein). However, the total energy of an asymptotically flat 
spacetime is unanimously accepted. Using the Einstein energy-momentum complex we first 
obtain an energy expression for a general nonstatic spherically symmetric metric and then 
we calculate the total energy associated with the JNW spacetime. A general nonstatic 
spherically symmetric line element is 


ds 2 = Bdt 2 — Adr 2 — Dr 2 (d6 2 + sin 2 9d<fr 2 ) , 


(16) 


where B — B (r, t ), A — A (r, t ), D — D (r, t ). The Einstein energy-momentum complex (see 
Refs. [PHI ) is 



(17) 


where 



(18) 


The Einstein energy-momentum complex satisfies the local conservation laws 



(19) 


where 


e,‘= V=5 R ‘ + W 


( 20 ) 
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T i k is the symmetric energy-momentum tensor clue to matter and all nongravitational fields 
and is the energy-momentum pseudotensor clue to the gravitational field only. The energy 
and momentum components are given by 


Pi = 


167T 


H? a n a dS, 


( 21 ) 


where dS is the infinitesimal surface element and n a is the outward unit normal vector. P 0 
stands for the energy and P a stand for the linear momentum components. As it is known 
that the energy-momentum complexes give meaningful result only if calculations are carried 
out in quasi-Minkowskian coordinates, we transform the line element in coordinates t, x, y , z 
(according to x — r sin# cos 0, y = r sin # sin 0, z = r cos#). Then we calculate the required 
components of H i kl and these are 


P 0 01 


rr 02 


Pn ° 3 = 2a 


= 2 \ 


o jB x(A- D-D'r) 

2 v A 7 2 : 

f~B y (A- D-D'r) 
A r 2 

l~B z(A — D — D'r) 


( 22 ) 


where the prime denotes the partial derivative with respect to the radial coordinate r. Using 
the above in (21) we obtain the energy 


E = 



(A- D 


D'r). 


(23) 


Substituting B = A 1 = (1 — b/r ) 7 and D — (1 — b/r) 1 7 we obtain the energy associated 
with the JNW spacetime. 


Ptotal — ^ri- 


(24) 


The total energy of the JNW spacetime is given by the parameter m. We have repeated 
these calculations using other energy-momentum complexes and have found the same result 
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as given by Eq. (24). The total energy of a purely scalar field (i.e. for m = 0) is zero. It is 
of interest to investigate whether or not this is true in general, i.e. for any purely massless 
scalar field. 
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